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This article is devoted to the study of peristaltic transport of a Carreau fluid in a vertical annulus
under the consideration of long wavelength. The flow is investigated in a wave frame of reference
moving with the velocity of the wave. Exact solutions have been evaluated for temperature and con-
centration field, while approximated analytical and numerical solutions are found for the velocity
field using (i) the perturbation method and (ii) the shooting method. The effects of various emerging
parameters are investigated graphically.
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1. Introduction

Peristalsis is an important mechanism for trans-
porting fluids. The word peristalsis comes from the
Greek word peristalikos, which means clasping and
compressing. Peristaltic transport is a form of fluid
transport induced by a progressive wave of area con-
traction or expansion along the length of a disten-
sible tube containing fluids. In physiology, peristal-
sis used by the body to propel or mix the con-
tents of a tube as in ureter, gastro-intestinal tract,
bile duct, and other glandular ducts. Some worms
use peristalsis as a means of locomotion. Peristalsis
mechanism has attracted the attention of many re-
searcher’s since the first investigation of Latham [1].
A number of exact, analytical, and numerical stud-
ies of peristaltic transport for Newtonian and non-
Newtonian fluids have been investigated in references
[2 – 9].

In the literature, numerous studies regarding peri-
staltic motion have been done for Newtonian fluids.
But such approach fails to give proper understanding
of peristalsis in blood vessels, chyme movement in in-
testine, semen transport in ductus afferents of male re-
productive tract, and transport of spermatozoa in cer-
vical canal. In these body organs, the fluid viscosity
varies across the thickness of the duct. Most of the
physiological fluid do not behave like a Newtonian
fluid in reality. Limited studies [10 – 16] are available
in literature for peristalsis involving non-Newtonian
fluids.
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To the best of our knowledge only one article [17]
exist in peristaltic literature which studies the peri-
staltic flow in connection with mixed convection heat
and mass transfer. Mixed convection is the combina-
tion of free convection and forced convection. Free
convection is occurred due to temperature difference
in a fluid at different locations, while forced convec-
tion is the flow of heat due to some externally applied
forces.

Keeping in mind the importance of peristaltic mech-
anism in connection with mixed convection heat and
mass transfer, we present the effects of mixed convec-
tion heat and mass transfer on peristaltic flow of a Car-
reau fluid in a vertical annulus. Exact solutions have
been calculated for energy and concentration while an-
alytical and numerical solutions have been presented
for the velocity profile. At the end of the article graph-
ical results have been presented for various parameter
of interest.

2. Mathematical Model

For an incompressible fluid the balance of mass and
momentum are given by

divV = 0, (1)

ρ
dV
dt

=−PI+ divτ̄ττ i j +ρf, (2)

where ρ is the density, V is the velocity vector, −PI is
the spherical part of the stress due to constraint of in-
compressibility, τ̄ττ i j is the Cauchy stress tensor, f re-
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presents the specific body force and d/dt represents the
material time derivative. The constitutive equation for
a Carreau fluid is given by [2]

(η −η∞)

(η0 −η∞)
=
[
1+(Γ ¯̇γ)2] (n−1)

2 , (3)

τ̄ττ i j = η0

[
1+

(n− 1)
2

(Γ ¯̇γ)2
]

¯̇γi j, (4)

in which τ̄ττ i j is the extra stress tensor, η∞ is the infinite
shear rate viscosity, η0 is the zero shear rate viscosity,
Γ is the time constant, n is the power law index, and
γ̇ is defined as

¯̇γ =

√
1
2 ∑

i
∑

j

¯̇γi j ¯̇γi j =

√
1
2

ΠΠΠ. (5)

Here ΠΠΠ is the second invariant strain tensor.

3. Mathematical Formulation

Let us consider the peristaltic flow of an incom-
pressible Carreau fluid in a vertical annulus. The in-
ner tube is rigid and maintained at temperature T̄1, the
outer tube has a sinusoidal wave travelling down its
walls and maintained at temperature T̄0. The geometry
of the wall surface is defined as

R̄1 = a1, (6)

R̄2 = a2 + bsin
2π
λ

(Z̄ − ct̄), (7)

where a1 is the radius of the inner tube, a2 is the radius
of the outer tube at inlet, b is the wave amplitude, λ is
the wavelength, c the wave speed, and t̄ the time (see
Fig. 1).

The governing equations of Carreau fluid along with
heat and mass transfer are

∂Ū
∂ R̄

+
Ū
R̄
+

∂W̄
∂ Z̄

= 0, (8)

ρ
(

∂
∂ t̄

+Ū
∂

∂ R̄
+W̄

∂
∂ Z̄

)
Ū

=−∂ p̄
∂ R̄

+

(
1
R̄

∂
∂ R̄

(R̄τ̄ττ11)+
∂

∂ Z̄
(τ̄ττ31)− τ̄ττ22

R̄

)
,

(9)

ρ
(

∂
∂ t̄

+Ū
∂

∂ R̄
+W̄

∂
∂ Z̄

)
W̄

=−∂ p̄
∂ Z̄

+

(
1
R̄

∂
∂ R̄

(R̄τ̄ττ13)+
∂

∂ Z̄
(τ̄ττ33)

)
+ ρgα(T̄ − T̄0)+ρgα(C̄− C̄0),

(10)

Fig. 1. Geometry of the problem.

ρcp

(
∂
∂ t̄

+Ū
∂

∂ R̄
+W̄

∂
∂ Z̄

)
T̄

= k
(

∂ 2T̄
∂ R̄2 +

1
R̄

∂ T̄
∂ R̄

+
∂ 2T̄
∂ Z̄2

)
,

(11)

(
∂
∂ t̄

+Ū
∂

∂ R̄
+W̄

∂
∂ Z̄

)
C̄

= D
(

∂ 2C̄
∂ R̄2 +

1
R̄

∂C̄
∂ R̄

+
∂ 2C̄
∂ Z̄2

)

+
DKT

Tm

(
∂ 2T̄
∂ R̄2 +

1
R̄

∂ T̄
∂ R̄

+
∂ 2T̄
∂ Z̄2

)
.

(12)

In the above equations, P̄ is the pressure, Ū , W̄ are the
velocity components in the radial and axial directions,
respectively, T̄ is the temperature, C̄ is the concentra-
tion of the fluid, T̄0 is the constant temperature of the
inner tube, C̄0 is the constant concentration of inner
tube, ρ is the density, k denotes the thermal conduc-
tivity, cp is the specific heat at constant pressure, Tm is
the temperature of the medium, D is the coefficients of
mass diffusivity, KT is the thermal-diffusion ratio.

In the fixed coordinates (R̄, Z̄), the flow between the
two tubes is unsteady. It becomes steady in a wave
frame (r̄, z̄) moving with the same speed as the wave
moves in the Z̄-direction. The transformations between
the two frames are

r̄ = R̄, z̄ = Z̄ − ct̄,

ū = Ū , w̄ = W̄ − c,
(13)
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where ū and w̄ are the velocities in the wave frame.
The appropriate boundary conditions in the wave

frame are of the following form:

w̄ =−1 at r̄ = r̄1, (14a)

w̄ =−1 at r̄ = r̄2, (14b)

T̄ = T̄0 at r̄ = r̄1, (14c)

T̄ = T̄1 at r̄ = r̄2, (14d)

C̄ = C̄0 at r̄ = r̄1, (14e)

C̄ = C̄1 at r̄ = r̄2, (14f)

We introduce the dimensionless variables

R =
R̄
a
, r =

r̄
a2

, Z =
Z̄
λ
, z =

z̄
λ
,

W =
W̄
c
, w =

w̄
c
, γ̇=

a2

c
¯̇γ, U =

λŪ
a2c

,

u =
λ ū
a2c

, P =
a2

2P̄
cλ η0

, θ =
(T̄ − T̄1)

(T̄0 − T̄1)
,

t =
ct̄
λ
, δ =

a2

λ
, Re =

ρca2

η0
, τττ11 =

λτ̄ττ11

cη0
,

τττ22 =
λτ̄ττ22

cη0
, τττ33 =

λτ̄ττ33

cη0
, r1 =

r̄1

a2
= ε,

r2 =
r̄2

a2
= 1+φ sin(2πz), τττ13 = τττ31 =

a2τ̄ττ13

cη0
,

We =
cΓ
a2

, β =
Q0a2

2
k(T̄1 − T̄0)

,

Gr =
gαa3

2(T̄1 − T̄0)

v2 , Br =
αga3(C̄1 − C̄0)

v2 ,

Sr =
ρDKT(T̄0 − T̄1)

η0Tm(C̄0 − C̄1)
, Sc =

η0

Dρ
, σ =

(C̄− C̄1)

(C̄0 − C̄1)
,

(15)

in which R and Z are the dimensionless form of ra-
dial and transverse components, respectively, Sr is the
Soret number, Sc Schmidt number, Br is the local con-
centration Grashof number, Gr is the local temperature
Grashof number, and We is the Weissenberg number.

Making use of (13) and (15), (9) to (12) take the
form

∂u
∂ r

+
u
r
+

∂w
∂ z

= 0, (16)

Reδ 3
(

u
∂
∂ r

+w
∂
∂ z

)
u =

−∂P
∂ r

+ δ 2
(

1
r

∂
∂ r

(rτττ11)+
∂
∂ z

(τττ31)− τττ22

r

)
,

(17)

Reδ
(

u
∂
∂ r

+w
∂
∂ z

)
w =

−∂P
∂ z

+
1
r

∂
∂ r

(rτττ13)+ δ 2 ∂
∂ z

(τττ33)+Grθ +Brσ ,

(18)

ReδPr

(
u

∂
∂ r

+w
∂
∂ z

)
θ =

∂ 2θ
∂ r2 +

1
r

∂θ
∂ r

+ δ 2 ∂ 2θ
∂ z2 +β ,

(19)

Reδ
(

u
∂
∂ r

+w
∂
∂ z

)
σ

=
1
Sc

(
1
r

∂
∂ r

(
r

∂σ
∂ r

)
+ δ 2 ∂ 2σ

∂ z2

)

+ Sr
(

1
r

∂
∂ r

(
r

∂θ
∂ r

)
+ δ 2 ∂ 2θ

∂ z2

)
,

(20)

where

τττ i j =

[
1+

(n− 1)
2

Re2γ̇2
]

γ̇i j, γ̇11 = 2
∂u
∂ r

,

γ̇22 =
2u
r
, γ̇33 = 2

∂w
∂ z

,

γ̇13 = γ̇31 =

(
∂u
∂ z

δ 2 +
∂w
∂ r

)
,

γ̇ = δ
√

1
2 ∑

i
∑

j
γ̇i j γ̇i j, i = j,

γ̇ =
√

1
2 ∑

i
∑

j
γ̇i j γ̇i j , i �= j,

τττ13 = τττ31 =

[
1+

(n− 1)
2

Re2
(

∂w
∂ r

)2
](

∂w
∂ r

)
.

(21)

Here δ , Re represent the wave and the Reynolds
numbers, respectively. Under the assumptions of long
wavelength δ � 1 and low Reynolds number, i. e. ne-
glecting the terms of order δ and higher, (17) to (20)
take the form

∂P
∂ r

= 0, (22)

∂P
∂ z

=−1
r

∂
∂ r

(rτττ31)+Grθ +Brσ , (23)

0 =
∂ 2θ
∂ r2 +

1
r

∂θ
∂ r

+β , (24)

0=
1

Sc

(
1
r

∂
∂ r

(
r

∂σ
∂ r

))
+Sr

(
1
r

∂
∂ r

(
r

∂θ
∂ r

))
. (25)
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The corresponding boundary conditions are

w =−1, at r = r1 = ε, (26a)

w =−1, at r = r2 = 1+φ sin(2πz), (26b)

θ = 1, at r = r1, (26c)

θ = 0, at r = r2, (26d)

σ = 1, at r = r1, (26e)

σ = 0, at r = r2, (26f)

4. Solution of the Problem

Solving (24) and (25) subject to the boundary condi-
tions (26c) to (26f), we obtain the expression for tem-
perature and concentration field as follows:

θ (r,z) =
1

a11
(a12 ln(r)+ a13r2 + a14). (27)

σ(r,z) =−SrSc
a11

(a12 ln(r)+ a13r2 + a14)

+ a17 lnr+ a18.
(28)

4.1. Perturbation Solution

To get the solution of (23), we employ the regu-
lar perturbation. For the perturbation solution, we ex-
pand w, Q, and P as

w = w0 +We2w1 +O(We4), (29a)

Q = Q0 +We2Q1 +O(We4), (29b)

P = P0 +We2P1 +O(We4). (29c)

The perturbation results for small parameter We2 satis-
fying the conditions (26a) and (26b) for velocity fields
and pressure gradient can be written as

w =−1+
(

r2

4
+ a25 lnr+ a27

)
dP
dz

+ a29r4

+ a30r2 lnr+ a31r2 + a26 lnr+ a28

+We2
[
a58r10 + a59r8 + a60r6 + a61r4 + a62r2

+
a63

r2 + a65r2 lnr+ a66r4 lnr+ a67r6 lnr

+ a68r8 lnr+ a69(lnr)2 + a70r2(lnr)2

+ a71r4(lnr)2 + a72r4(lnr)3 + a73r6(lnr)2

+ a76 lnr+ a77

]
.

(30)

dP
dz

=
2Q+ r2

2 − r2
1 − a78

a77
+We2

(
−a79

a77

)
. (31)

The pressure rise ∆P and the friction force F on in-
ner and outer tubes, F(0), F (i), are given by

∆P =
∫ 1

0

dP
dz

dz, (32)

F(0) =

∫ 1

0
r2

1

(
−dP

dz

)
dz, (33)

F(i) =

∫ 1

0
r2

2

(
−dP

dz

)
dz, (34)

where dP
dz is defined in (31).

The dimensionless expressions for the five consid-
ered wave forms are given by the following equations:

1. Sinusoidal wave:

r2(z) = 1+φ sin(2πz).

2. Triangular wave:

r2(z) = 1+φ

{
8

π3

∞

∑
n=1

(−1)n+1

(2n− 1)
sin(2π(2n− 1)z)

}
.

3. Square wave:

r2(z) = 1+φ

{
4
π

∞

∑
n=1

(−1)n+1

(2n− 1)
cos(2π(2n− 1)z)

}
.

4. Trapezoidal wave:

r2(z)= 1+φ
{

32
π2

∞

∑
n=1

sin π
8 (2n− 1)

(2n− 1)2 sin(2π(2n−1)z)
}
.

5. Multi sinusoidal wave:

h(z) = 1+φ sin(2mπz).

4.2. Numerical Solution

The present problem consisting of (23) and (26)
is also solved numerically by employing the shooting
method. The numerical results are compared with the
perturbation results (see Fig. 2 and Table 1).

5. Numerical Results and Discussion

In this section we present the solution for the Car-
reau fluid graphically. The expression for pressure
rise ∆P is calculated numerically using mathematics
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Table. 1. Shows numerical values of comparison of axial ve-
locity for perturbation and numerical solutions when ε = 0.1,
We = 0.1, z = 0.1, dP/dz = 0.3, φ = 0.3, Sr = 0.5, Sc = 0.3,
β = 0.08, Gr = 0.02, Br = 0.01, n = 0.1.
r Numerical solution Perturbation solution Error
0.1 −1.00000 −1.00000 0.00000
0.2 −1.07808 −1.07369 0.00408
0.3 −1.12036 −1.11360 0.00607
0.4 −1.13952 −1.13170 0.00690
0.5 −1.14701 −1.13878 0.00722
0.6 −1.14552 −1.13737 0.00716
0.7 −1.13504 −1.12749 0.00669
0.8 −1.11861 −1.11197 0.00597
0.9 −1.09611 −1.09073 0.00493
1.0 −1.06444 −1.06084 0.00339
1.1 −1.03022 −1.02853 0.00164
1.18 −1.00000 −1.00000 0.00000

Fig. 2. Comparison of velocity field for ε = 0.1, We = 0.1,
z = 0.1, dP/dz = 0.3, φ = 0.3, Sr = 0.5, Sc = 0.3, β = 0.08,
Gr = 0.02, Br = 0.01, n = 0.1.

software. The effects of various parameters on the pres-
sure rise ∆P are shown in Figures 3 to 6 for various val-
ues of Weissenberg number We, amplitude ratio φ , ra-
dius ratio ε , and power law index n. It is observed from
these figures that the pressure rise increases with the
increase in We, φ , ε , while the pressure rise decreases
with increase in n. The peristaltic pumping region is
(−2 ≤ Q ≤ −1.5) for Figure 3, (−2 ≤ Q ≤ 0.2) for
Figure 4, (−2 ≤ Q ≤ −0.3) for Figure 5, and (−2 ≤
Q ≤ 1) for Figure 6, otherwise, there is augmented
pumping. Figures 7 to 14 represent the behaviour of the
frictional forces. It is depicted that these forces have
an opposite behaviour as compared with the pressure
rise. Figure 15 is prepared to see the behaviour of dif-
ferent wave forms on pressure rise. It is analyzed that a
square wave has the best pumping characteristics while
a triangular wave has the worst pumping characteris-
tics. Effects of temperature profile are shown through

Fig. 3. Pressure rise versus flow rate for ε = 0.2, Sr = 5,
Sc = 0.2, Gr = 2, Br = 3, β = 0.04, φ = 0.1, n = 0.1.

Fig. 4. Pressure rise versus flow rate for ε = 0.2, Sr = 5,
Sc = 0.2, Gr = 2, Br = 3, β = 0.04, We = 0.1, n = 0.1.

Fig. 5. Pressure rise versus flow rate for We = 0.2, Sr = 5,
Sc = 0.2, Gr = 2, Br = 3, β = 0.04, n = 0.1.
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Fig. 6. Pressure gradient versus flow rate for We = 0.2, Sr =
5, Sc = 0.2, Gr = 2, Br = 3, β = 2, ε = 0.1.

Fig. 7. Frictional force versus flow rate (for inner tube) for
ε = 0.2, Sr = 5, Sc = 0.2, Gr = 2, Br = 3, β = 0.04, φ = 0.1,
n = 0.1.

Fig. 8. Frictional force versus flow rate (for inner tube) for
ε = 0.2, Sr = 5, Sc = 0.2, Gr = 2, Br = 3, β = 0.04, We =
0.1, n = 0.1.

Fig. 9. Frictional force versus flow rate (for inner tube) for
We = 0.2, Sr = 5, Sc = 0.2, Gr = 2, Br = 3, β = 0.04, n =
0.1.

Fig. 10. Frictional force versus flow rate (for inner tube) for
We = 0.2, Sr = 5, Sc = 0.2, Gr = 2, Br = 3, β = 2, ε = 0.1.

Fig. 11. Frictional force versus flow rate (for outer tube) for
ε = 0.2, Sr = 5, Sc = 0.2, Gr = 2, Br = 3, β = 0.04, φ = 0.1,
n = 0.1.
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Fig. 12. Frictional force versus flow rate (for outer tube) for
ε = 0.2, Sr = 5, Sc = 0.2, Gr = 2, Br = 3, β = 0.04, We =
0.1, n = 0.1.

Fig. 13. Frictional force versus flow rate (for outer tube) for
We = 0.2, Sr = 5, Sc = 0.2, Gr = 2, Br = 3, β = 0.04, n =
0.1.

Fig. 14. Frictional force versus flow rate (for inner tube) for
We = 0.2, Sr = 5, Sc = 0.2, Gr = 2, Br = 3, β = 2, ε = 0.1.

Fig. 15. Pressure rise versus flow rate for We = 0.1, ε = 0.2,
Sr = 5, Sc = 0.2, Gr = 2, Br = 3, β = 0.04, φ = 0.1, n = 0.1.

Fig. 16. Temperature profile for φ = 0.4, ε = 0.1, z = 0.1.

Fig. 17. Concentration field for φ = 0.4, ε = 0.1, z = 0.1,
Sr = 3, Sc = 0.5.
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Fig. 18. Concentration field for φ = 0.4, ε = 0.1, z = 0.1,
β = 3, Sc = 0.5.

Figure 16. It is seen that with the increase in β the tem-
perature profile increases. The concentration field σ
for different values of β , Sr, and Sc are shown in Fig-
ures 17 to 19. We observed that the concentration field
decreases with the increase in β (heat source param-
eter), Sr (Soret number), and Sc (Schmidth number).
Figures 20 to 24 are prepared to see the behaviour of
pressure gradient for different wave shapes. It is ob-
served from the figures that for z∈ [0,0.5] and [1.1,1.5]
the pressure gradient is small, and large pressure gra-
dient occurs for z ∈ [0.51,1], moreover, it is seen that
with the increase in φ the pressure gradient increases.
Figure 25 shows the streamlines for different wave
forms. It is observed that the size of the trapped bo-
lus in a triangular wave is small as compared with the
other wave forms.
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6. Appendix

a11 = 4(ln(r1)− ln(r2)),

a12 = 4+β (r2
1 − r2

2),

a13 = β (ln(r2)− ln(r1)),

a14 = β (r2
2 ln(r1)− r2

1 ln(r2))− 4ln(r2),

a15 =−SrSc
a11

(a12 ln(r1)+ a13r2
1 + a14),

a16 =−SrSc
a11

(a12 ln(r2)+ a13r2
2 + a14),

Fig. 19. Concentration field for φ = 0.4, ε = 0.1, z = 0.1,
Sr = 3, β = 0.5.

Fig. 20. Pressure gradient versus z (sinusoidal wave) for ε =
0.2, Q =−1.5, We = 0.1, Sr = 5, Sc = 0.2, Gr = 2, Br = 3,
β = 0.04.

Fig. 21. Pressure gradient versus z (square wave) for ε = 0.2,
Q =−1.5, We = 0.1, Sr = 5, Sc = 0.2, Gr = 2, Br = 3, β =
0.04.
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Fig. 22. Pressure gradient versus z (trapezoidal wave) for ε =
0.2, Q = −1.5, We = 0.1, Sr = 5, Sc = 0.2, Gr = 2, Br = 3,
β = 0.04.

Fig. 23. Pressure gradient versus z (triangular wave) for ε =
0.2, Q = −1.5, We = 0.1, Sr = 5, Sc = 0.2, Gr = 2, Br = 3,
β = 0.04.

a17 =
1− a15− a16

(ln(r1)− ln(r2))
,

a18 = 1− a15− a17 lnr1,

a19 =
Gra13

a11
− SrScBra13

a11
,

a20 =
Gra12

a11
−
(

2SrScBra12

a11

)
+Bra17,

a21 =
Gra14

a11
− SrScBra14

a11
+Bra18,

a22 = a29r4
1 + a30r2

1 lnr1 + a31r2
1,

a23 = a29r4
2 + a30r2

2 lnr2 + a31r2
2,

a24 = a29r4
2 + a30r2

1 lnr1

Fig. 24. Pressure gradient versus z (multisinusoidal wave) for
ε = 0.2, Q = −1.5, We = 0.1, Sr = 5, Sc = 0.2, Gr = 2,
Br = 3, β = 0.04.

a25 =
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Fig. 25. Streamlines for (a) sinusoidal wave, (b) multisinu-
soidal wave, (c) square wave, (d) trapezoidal wave, (e) tri-
angular wave for ε = 0.2, Q = −1.5, We = 0.1, Sr = 5,
Sc = 0.2, Gr = 2, Br = 3, β = 0.04, φ = 0.4.
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